GENERATING SETS OF TROPICAL HEMISPACES 



RICARDO D. KATZ, VIOREL NITICA, AND SERGEI SERGEEV 

Abstract. In this paper we consider tropical hemispaces, defined as tropically convex sets whose comple- 
ments are also tropically convex, and tropical semispaces, defined as maximal tropically convex sets not 
containing a given point. We characterize tropical hemispaces by means of generating sets, composed of 
points and rays, what we call (P, i?)-representations. With each hemispace we associate a matrix with coef- 
ficients in the completed tropical semiring, satisfying an extended rank-one condition. Our proof techniques 
are based on homogenization (lifting a convex set to a cone), and the relation between tropical hemispaces 
O ^ and semispaces. 



(N 

o 



ov 

(N 



o 



1. Introduction 



Max-plus algebra refers to the the semiring R ma x.+ which is composed of the set R U {—00} endowed 
with the operation a © /? :— max(a,/3) as addition and the usual real numbers addition as multiplication 
a® {3 :— a + (3. Thus, the neutral elements for addition and multiplication are —00 and respectively. 

The max-plus semiring is algebraically isomorphic to the max-times semiring K ma x,x, which is com- 
posed of the set R + = [0, +00) endowed with the operation affi/3 := max(a, /3) as addition and the usual real 
numbers product as multiplication a <8> /? := a/3. Consequently, in the max-times semiring, is the neutral 
element for addition and 1 is the neutral element for multiplication. 

In this paper, it is convenient to consider both realizations at the same time, under the common notation 
T. In other words, the reader can assume one of the models from the very beginning. This will be called 
tropical algebra. We will use © to denote the neutral element for addition, 1 to denote the neutral element 
for multiplication, and T + to denote the set of all invertible elements with respect to the multiplication, i.e., 
all the elements of T different from (D. 

The space T™ of n-dimensional vectors x = (x±, . . . , x n ), endowed naturally with the component- wise 
addition (denoted also by ©) and As := (A (g> Xi, . . . , A (8> x n ) as the multiplication of a vector by a scalar, is 
a semimodule over T. The element (0, (D, . . . , 0) in T" is also denoted by 0, and it is the identity for ©. 
In tropical convexity, one first defines the tropical segment joining the points 1,1/e T™ as the set 

(1) {ax © (3y £ TP | a © /3 = 1} , 

and then calls a set C C T" tropically convex if it contains the tropical segment joining any two of its points 
(see Figure [T] below for an illustration of tropical segments in dimension 2). 

The interest in tropical convexity (also known as max-plus convexity, B-convexity) is due to its obvious 
similarity with the traditional convex geometry, inspired by the Litvinov-Maslov correspondence principle |13j 
and applications of tropical dequantization procedures in algebraic geometry, e.g., |llj.|15j. On the other 
hand, tropical polytopes are cellular complexes made from usual convex polytopes of special kind according 
to the Develin-Sturmfels cellular decomposition [7j (also appearing in [3])- As a special case, the chain 
structure of tropical segments (fj]) was described in [71 [TCJ [T(|] . 

In this paper, we investigate the tropical hemispaces. This object comes from the abstract convexity [3TJ 
|2"2"] . where it is used in the Kakutani Theorem to separate two convex sets from each other. The proof of 
Kakutani Theorem makes use of Zorn's Lemma (relying on the Pasch axiom, which holds both in tropical 
and usual convexity). Briec, Horvath and Rubinov specialized this result to B-convexity (tropical convexity, 
max-plus convexity) in [TJ [3] . 
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A different approach is to start from the separation of a point from a closed convex set, as investigated 
in many works (e.g., Zimmermann [23], Litvinov et al. |14j . Cohen et al. [5] [6], Develin and Sturmfels [7], 
Briec et al. 13 ). This Hahn-Banach type result can be extended to the separation of several convex sets by 
an application of non-linear Perron- Frobenius theory, as in Gaubert and Sergeev [TO]. Here the separation 
does not rely on Zorn's Lemma and is more constructive (possibly leading to an algorithmic solution in the 
case of polytopes), but on the cost of losing the generality of separation of any two or several convex sets, 
as stated in the Kakutani Theorem and its extensions [3]. 

In the Hahn-Banach techniques, tropically convex sets are separated by means of closed halfspaces, defined 
as sets of x £ T™ satisfying an inequality of the form 0^ jjXj © a < @- fliXi © S. As shown by Joswig [T"2"] . 
closed halfspaces are unions of several closed sectors, which are convex in both tropical and ordinary sense. 

Briec and Horvath [5] proved that the topological closure of any tropical hemispace is a closed halfspace 
(appearing in the tropical Hahn-Banach separation, described by Joswig |12j . discussed above, etc). Hence 
closed halfspaces, with respect to general hemispaces, are "almost everything" . However, the border between 
a tropical hemispace and its complement has a generally unknown intricate pattern, with some pieces be- 
longing to one hemispace and the rest to the other. This pattern was not revealed by Briec and Horvath [2J, 
who were more interested in Hahn-Banach type separation results. The present paper, though describing 
the thin structure of the border only indirectly, might help to elucidate its intricate pattern. 

The paper is organized as follows. Section [5J is occupied with preliminaries on generators and recessive 
rays of tropically convex sets, suggesting the natural concept of (P, ^-representations, which can be seen 
as a relaxation of the traditional approach adopted by Gaubert and Katz [5] [OJ, who represented closed 
tropically convex sets by means of extreme points and rays. In Section [3] we study tropical semispaces: 
maximal tropically convex sets not containing a given point. These sets were described in detail by Nit- 
ica and Singer [TO] [T7J [T5] , who showed that they are precisely the complements of closed sectors (which 
constitute closed tropical halfspaces, as mentioned above). We give a simple proof of this result exploiting 
homogenization (lifting tropically convex sets to tropical cones) and the multiorder principle of tropical con- 
vexity formulated for tropical cones [20] . Hemispaces appear here as unions of (in general, infinitely many) 
complements of semispaces, i.e., closed sectors of [T2"] . 

Section 2] contains the main results on hemispaces. The purpose of Subsect. 14.11 is to reduce general 
hemispaces to conic hemispaces (i.e., hemispaces being tropical cones). This aim is finally achieved in 
Theorem 14.71 Meanwhile we draw all hemispaces on the plane, see Figures [2] and [3] and study the recessive 
rays of general hemispaces. In view of Theorem 14. 7\ in Subsect. 14.21 we study conic hemispaces only. There 
we introduce the "a-matrix" , whose coefficients stem from the borderlines between hemispaces on two- 
dimensional coordinate planes. We formulate an extended rank-one condition on this matrix in Theorem l4.10l 
and immediately prove that it holds for any couple of hemispaces. The rest of Subsect. 14.21 is mainly 
devoted to a more detailed description of generating sets of conic hemispaces, which is needed to prove 
that the condition of Theorem 14.101 is also sufficient. In Subsect. 14. 3[ we obtain a number of corollaries 
of the previous results. First we verify that closed hemispaces are closed halfspaces, a result of Briec 
and Horvath [2] , see Theorem 14.191 and Corollary 14.211 The (P, i?)-representation of general hemispaces is 
formulated in Theorem 14.231 obtained as a combination of Theorems 14.71 and 14.101 



2.1. Tropically convex sets: generation and homogenization. We start describing some relations 
between tropically convex sets and tropical cones. 

In what follows, for any m, n G Z with m < n, we denote the set {m, m + 1, . . . , n} by [m, n], or simply 
by [n] when m = 1. Moreover, the multiplicative inverse of A G T + will be denoted by A" 1 . For x G T n we 
define the support of x by 



2. Preliminaries 



supp(x) :— {i G [n] 
The set of the vectors {e l \ i G [n] }CT" defined by 



Xi + 0}. 




form the standard basis in T". We will refer to these vectors as the unit vectors. 
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Definition 2.1. A set V C T" is called a tropical cone if it is closed under (tropical) addition and 
multiplication by scalars. 

For P,R C T", we define 

conv(P) := I X y y \ X y E T for y E P and 0A 9 = 1 
[yeP yep 

and 

span(P) := i A y y X y E T for y E R 
[yen. 

where in both cases only a finite number of the scalars X y is not equal to (D. 

Definition 2.2. Let P, R C T n . JFe say i/iai a tropically convex set C C T™ is generated oy the pair (P, R) 
if 

(2) C = conv(P) © span(P). 

For each tropically convex set C C T™ at least one representation of the form © exists: just take P = C 
and P = 0. A canonical representation of the form @ can be written for closed tropically convex sets, by 
the tropical analogue of Minkowski theorem, due to Gaubert and Katz [5J |5] ■ 

Definition 2.3. For C C TP\ tfie set 

(3) F c = {(A, Asi, . . . , Xx n ) | (an, . . . , x n ) E C, X E T} c T' l+1 
is called the homogenization of C. 

Remark 2.4. If C C T" is a tropically convex set, then its homogenization Vq C T n+1 is a tropical cone. 
The coordinates in the homogenization are denoted by {xq,x\, ...,x n ). 

Reversing the homogenization means taking a section of a tropical cone by a coordinate plane. Below we 
take only sections by xq = a (mostly with a = 1), and not by xi — a with i E [n]. Hence we do not indicate 
the coordinate in the notation. 

Definition 2.5. For V C T" +1 and aET, the set 

(4) C£ = {x E T" | (a, x) E V} 
is called a coordinate section ofV. 

Proposition 2.6. If V C T" +1 is expressed as span(AT) and its coordinate section Cy is nonempty, then 
Cy = conv(Px) © span(Px) w/iere 

(5) P x := {y E T" | 3A / suc/i tfcat (A, Ay) G X} and P x := {z E T™ | (0, z) G X}. 
Proo/. If sc G C" v then 

(6) (t,x)= A y (l,y)© X z (d,z) 

( t i y , t i y y)eX (C,z)EX 

for some A y ,A z E T and /i y E T, with /i y ^ © and a finite number of X y ,X z not equal to 0. As ©A y = 1, 
it follows that x E conv(Px) © span(Px). Conversely, if x G conv(Px) © span(Px) then (t,x) can be 
represented as in ©, hence (1, i)eV and x E C* v . □ 
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2.2. Recessive rays. We will use the following notions of recessive rays of a tropically convex set: 



Definition 2.7. Let CCT™ be a tropically convex set. 
(i) Given x £ C, the set of recessive rays at x, or locally recessive rays at x, is defined as 

rec x C := {z eT" \ x ® Xz £C for all A £ T}. 

(ii) The set of globally recessive rays of C, denoted by recC, consists of the rays that are recessive at 
each point of C. 

(Hi) Given i £ [n], the set of i-recessive rays of C is defined as 

reci C := {z £ T™ | i £ supp(z) and there exists a/C such that ae 1 £ C and z £ rec Qe i C}. 
Note that if C = conv(P) © span(i?) as in ©, then R C recC. 

The following lemma gives a general relation between recessive rays at different points of a tropically 
convex set C. 

Lemma 2.8. Let C C T" be a tropically convex set and x,y £ C. 

(i) //supp(x) C supp(y) and z £ rec x C, then z £ reCj,C. In particular, reccC C recC. 
(ii) //supp(y) C supp(z) and z £ rec^C, then Xz £ C for all large enough X, and z £ recC. 

Proof. @ We need to prove that y © Xz £ C for all A £ T. Since supp(cc) C supp(y) we have [3x < y for 
small enough f3 which we assume to satisfy < /3 < 1. Then, given A £ T, we conclude that 

y © f3(x © /3 _1 Az) = y © Xz £ C 

because z £ rec^ C, and so the left hand side is a convex combination of two points in C. 

(Eil) We have both y © Xz £ C for all A £ T, since z £ rec y C, and y © Xz — Xz for all large enough A, since 
supp(y) C supp(z). Hence, Xz £ C for all large enough A. In particular, given any /3 £ T, there exists A > (3 
such that Xz £ C. Then, for any x £ C, we have x © (3z = x © f3X~ 1 Xz £ C because /3A _1 < 1. Thus, we 
conclude that z £ recC. □ 

Corollary 2.9. If C CT" is a tropically convex set, then rec^C C recC for all i £ [n]. 

Proof. Apply Lemma 12.81 part ([n|) with y — ae 1 , for some a ^ (D and i £ supp(z) such that z £ rec ac i C. □ 

Observe that z £ T™ can be globally recessive in C but not i-recessive for any i £ [n]: in this case, C does 
not contain any point of the form ae 1 for a ^ and i £ supp(z). 

To introduce a topology we need to specialize T to one of the models. Namely, if T = K max ,x then we 
use the topology induced in R" by the usual Euclidean topology in the real space. If T = R maXi+ , then our 
topology is induced by the metric doo(x,y) — maxj e r„i \e Xi — e Vi \. 

For closed tropically convex sets, every locally recessive ray is globally recessive. 

Proposition 2.10 (Gaubert and Katz [5]). If a tropically convex set C is closed, then rec x C C recC for all 
x £ C. 

Theorem 2.11. Let {Ci} be a family of tropically convex sets in T ra generated by the pairs (Pi, Re): 

Ce = conv(Pe) © span(i?^), 

and let C := conv^U^Cf). Then, 

(7) C = comr(U e P e ) © span(U £ i?f) 

if any of the following conditions hold: 

(i) Re C recC for all I; 
(ii) C is closed; 

(Hi) For any z £ Re there exists y £ conv(P^) such that supp(y) C supp(z); 
(iv) All points in Pi have the same support for all £. 
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Proof. It can be shown that in general we have 

C C coiw(UiP e ) © span(U^). 
(JTJ) In this case C © sp&n(UeRi) C C, hence we also have the opposite inclusion 

conv(U^Fe) © span(U f i? f ) C C. 
Let us now prove that Ri C recC holds for cases (jnT)- (|Iv|) . 

(]ii]) Each z £ Re is recessive at all y £ Pi, hence by Proposition 12 . 101 it is globally recessive, 
(jmjl In this case any z £ Rg satisfies the condition of Lemma T2.8I part ([H]) for some point y £ Pi, hence it 
belongs to recC. 

(pvl) In this case points in Pi have the minimal support in C, and as the rays of Ri are recessive at the 
points of Pi, by Lemma T2.8I part they are recessive at all points of C. □ 

3. Semispaces 

In this section we aim to give a simpler proof for the structure of tropical semispaces, originally described 
by Nitica and Singer [161 117) , and to introduce tropical hemispaces with some preliminary results on their 
relation with semispaces. 

3.1. Conic semispaces and sectors. We begin by recalling the definition of conic hemispaces. 

Definition 3.1. A pair of tropical cones T-L\,T-L2 C T™ is called a couple of conic hemispaces if Hi Vvhi^ = 
{0} andn 1 UH 2 = T n . 

For any y £ T™ and i £ supp(y), define the following sets: 

(8) Wi(y) := < x £ T" | Xj yJ l < x lV ~ x , and Xj = for all j £ suppy I , 

^ j'esupp(y) J 

which will be referred to as conic sectors of type i. Since the complement of Wi(y) 

(9) CWj(y) = < x £ T n | xjyj 1 > xty' 1 , or xj > for some j suppy 

^ iesupp(jf) 

it follows that Wi(y) and CWi(y) U {0} are both tropical cones, so they form a couple of conic hemispaces. 
Also note that y £ Wi(y) for all i £ supp(y). 

The following result appears in several places ([H [3 [T2j [9J [20]). 

Theorem 3.2. Let V C T n be a tropical cone and take y ^ in T n . T/ien y £ V if and only if the set 
Wj(y) \ {0} contains a point from V for each i £ supp(?/). 

Proof. Note first that if y £ V, then y £ W,(y) for all i € supp(y). 

Assume now that x % ^ is in Wi(y) fl V, for i G supp(y). Since x l £ Wi{y) and x l ^ (D, we have x\ ^ © 
and < j/jjc} for all j £ [n]. Then, y can be written as a tropical linear combination of the x l, s: 

y= x iX \ 

iGsupp(i/) 

where \i = y^x]) -1 , therefore y 6 V. □ 

Restating Theorem 13.21 we get the following. 

Theorem 3.3. Let V C T™ 6e a tropical cone and take y ^ in T n . Then y ^ V if and only if V C 
CWj(y) U {0} /or some i G supp(y). 

We are also interested in the following object. 

Definition 3.4. A tropical cone in T n is called a conic semispace at point y ^ in T™ if it is a maximal 
tropical cone not containing y. 



Corollary 3.5. There are exactly the cardinality of supp(y) conic semispaces at the point y =/= of T" 
These are given by the tropical cones CWi(y) U {0} for i £ supp(y). 



Proof. Suppose that V is a conic semispace at y. Since it is a tropical cone not containing y, Theorem 13.31 
implies that it is contained in CWi(y) U {0} for some i £ supp(y). By maximality, it follows that it coincides 
with CWj(y) U {0}. □ 

This statement shows that Theorem 13.31 is an instance of a separation theorem in abstract convexity. In 
particular, we obtain the following result. 

Corollary 3.6. Each nontrivial tropical cone V can be represented as the intersection of the conic semispaces 
CVVj(y) U {0} containing it (where y ^ V and i £ supp(y) ), and for each complement F of a tropical cone, 
F U {0} can be represented as the union of the conic sectors Wi(y) contained in F U {0} (where y £ F and 
i £ supp(y);. 

Lemma 3.7. Assume that x, y E T" satisfy supp(a;) (~l supp(y) ^ 0. Then, for any i £ supp(x) Pi supp(y), 
the nonzero point z with coordinates 

(10) z 3 := min {x^Xj , y^ yj } 

belongs to both Wi(x) and Wi(y). 

Proof. Note that zj = (D for j g" supp(cc) PI supp(y). Moreover, since Zj = 1, we have zjxj < x^ 1 < zix~ x 
for all j £ [n]. Then, we conclude that z £ Wi(x). Similarly, it can be shown that z £ Wi(y). □ 

Corollary |3.6l and Lemma 13.71 imply the following (preliminary) result on conic hemispaces. 

Theorem 3.8. For any couple of conic hemispaces Hi and Hi there exist disjoint subsets /,JC [n] and a 
set Y C T" such that 

Ui = sp a n{UW i (y)\W i (y)CHi,i€l,yeYnHi}, 
' ' ' 1 Hi = span{U>V, (y) | Wj(y) C H 2 , j £ J, V £ Y D 



Proof. As Hi and %2 are complements of tropical cones, Corollary 13.61 yields that they are unions of the 
conic sectors contained in them. Since they are cones, these unions coincide with their conic hulls (i.e., 
spans). By Lemma T3.71 the sectors in Hi and Hi should be of different type, otherwise Hi and Hi have a 
nontrivial common point. □ 

3.2. General semispaces and sectors. We now turn to tropically convex sets using the homogenization 
technique. Below we will be interested in the following objects. 

Definition 3.9. A pair of tropically convex sets Hi, Hi C T ra is called a couple of hemispaces ifHiHHi = 
andHiUH 2 =T\ 

If T™ is viewed as the coordinate section of T™ +1 by xq = 1, then the coordinate sections of Wj(l, y) and 
CWi(l, y) for y £ T" and i £ supp(y) U {0} C [0, n] are 

So(y) := C^ o{1>y) = < x £ T" I xjyj 1 < 1 and Xj = for all j £ supp(y) 

^ j'£supp(j/) 

Si(y) ■= Cw j( i, 9 ) = I x £ T" I 1 © a^y" 1 < ^y" 1 and a?,- = (D for all j £ supp(y) 

I jesupp(y) 



and 



C5o(y) = Cl Wa(ly) = { x £ T n I x^- 1 > 1 or x,- >(D for some j £ supp(y) 

iGsupp(y) 

C5. ( (y) = Cg w . (1 iV) = <| x £ T" I 1 © Xj-yJ 1 > Xjy" 1 or x 3 > <D for some j £ supp(y) 

jGsupp(j/) 
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The sets £;(y) will be called sectors of type i (see Figure [T] below for an illustration of sectors in dimension 
2). Observe that both Si(y) and CSi(y) are tropically convex sets and complements of each other, hence 
they are hemispaces. 

Remark 3.10. We observe that the notation for sectors and semispaces is reversed as compared to the 
notation in Nitica and Singer [161 1171 118) . 

Theorem 3.11. Let y G T" and let C C T™ be tropically convex. Then y G C if and only if Si(y) contains a 
point in C for i — and for each i G supp(y). 

Proof. Consider the homogenization Vc of C, where each point y G T™ is lifted to (1, y) G T n+1 . In particular, 
each point z G Vc \ {0} has zo ^ 0. 

If the condition of the theorem is satisfied for some y G T™, i.e. if for i = and each i G supp(y) there 
exist x i G (~lC, then the condition of Theorem I3T21 is satisfied for (t,y) with (t,x l ) G W,(y) n Vc- It 

follows that (1, y) G Vc and y £ C. 

Conversely, j/ 6 C implies 2 := (l,y) G Vc, hence we can find z % G (Wi(z) \ {0}) n Vc for all i G supp(y) 
and i = 0. Since Zq ^ © and the conic sectors VK(z) are tropical cones, we can assume that z l = 1 so that 
z l = (1, x l ), where x l G <Si(y) Pi C. It follows that each 5j(y) fl C contains a point. □ 

Theorem 13. Ill is equivalent to the following. 

Theorem 3.12. Let y G T", and let C C T™ &e a tropically convex set. Then y £ C if and only if C C dS^y) 
/or i = or some i G supp(y). 

Definition 3.13. A tropically convex set in T n is called a semispace at point y G T™ if it is a maximal 
tropically convex set not containing y. 

Corollary 3.14. There are exactly the cardinality o/supp(y) plus one semispaces at the point y G T™. These 
are given by the tropically convex sets CSi(y) for i — and i G supp(y). 

Proof. By analogy with Corollarv l3.5l □ 

We also have the following version of Corollary 13.61 

Corollary 3.15. Each tropically convex setC can be represented as the intersection of the semispaces \lSi(y) 
containing it (where y £ C and i — or i G supp(y)J 7 and each complement F of a tropically convex set can 
be represented as the union of the sectors Si(y) contained in F (where y G F and i = or i G supp(y) ). 

Lemma 3.16. For any two points x, y G T" and i = or i G supp(ir) nsupp(y) the intersection Si(x)(~)Si(y) 
is non-empty. 

Proof. Consider the points (1, x) and (t,y) and observe that for V := Wi(t,x) fl Wj(l, y), the section Cy 
is precisely n Si(y). For i = or i G supp(x) n supp(y) a nontrivial point 2 G V can be constructed 

using (flU|) . Note that Zo = minimi -1 * yi^ 1 } 7^ © and hence this point can be translated to a point in Cy. □ 

Corollary 13. 151 and Lemma 13.161 imply the following (preliminary) result on general hemispaces. 

Theorem 3.17. For any couple of hemispaces "Hi and H2 there exist disjoint subsets L,J C [0,n] and 
Y C T™ smc/i £A.a£ 

Hi = conv ({U5 4 (y) | 5,(y) C ^1, i G /, y G Y n Hi}) , 
' 121 H 2 = conv({U^(y) | S,(y) C G J, y G F nH 2 }) . 

Proof. By analogy with Theorem l3.81 using Corollarv l3.15l and Lemma [3.16l instead of their conic versions. □ 

4. Hemispaces 

4.1. Generating sets and homogenization. Theorem l3.17l is suggesting to unite the generating sets of all 
the sectors <Sj(y) contained in a hemispace H. However, this can be legitimately done only in the situations 
described by Theorem 12. Ill 
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Figure 1. Tropical (max-times) segments (on the left) and sectors based at a point y with 
full support (on the right) in dimension 2. 



Lemma 4.1. The sectors So(y), Si(y), and Wi(y) for i G supp(y) can be represented as 

My) = conv ({ < D,2/j e ' I 3 e supp(y)}) , 

(13) Si{y) = {y^} © span ({e l © tyi/fV | j G supp(y)}) , 

Wi{y) = span ({e l © %t/ i " 1 e j | j G supp(y)}) . 

Proof. Observe that Wi(y) consists of the vectors x G T™ satisfying y i yJ 1 Xj < Xi for all j G supp(y) and 
Xj = otherwise. Thus, if x G Wi(y), we have x = ® ]es u PP (y) ytyj~ lx j( et © ViVi 1 ^) since * e supp(y). It 
follows that Wi(y) C span ({e* © e- 7 | j G supp(y)}). Moreover, since the vector e* © y J ?/~ 1 e J belongs 
to Wi(j/) for any j G supp(y), we conclude that span ({e* © yjy~ 1 ei \ j G supp(y)}) C Wi(y). 

Note that the (P, -/^-representations for So(y) and iSi(y) can be obtained as those of sections of Wi(y) by 
coordinate planes, i.e., by means of Proposition 12.61 □ 

By Theorem 12.111 part (fry)) , to obtain convex hulls of sectors of the same type, based at the points y of 
some set Y C T n , for i = or i G [n], we can gather the generators and recessive rays of (fT3|) as follows: 

conv (U ye yS (y)) = conv (u yeY ,je[n\ {^j/j-e- 7 }) , 

(14) conv (UyeyStiy)) = conv (u yG y {^e 4 }) © span (u ye y j6[n] {e l © yjy^e 1 }) , 

conv (U 9e yW,()/)) = span (u aeYje[ „] {e l © y J -y < ~ 1 e j }) . 

These representations already yield all tropical hemispaces on the plane. Indeed, in the case n = 2, 
applying Theorems 13.81 and 13.171 we see that at least one of the sets / or J consists of only one index, and 
we get a (P, i?)-representation of the corresponding hemispace exactly as in (|14p . By careful inspection of 
all possible cases we obtain the sets shown on the diagrams of Figures [5] and [3] Using the form of typical 
tropical segments on the plane, shown on the left-hand side of Figure [TJ it is easy to check graphically that 
all these sets and their complements are indeed tropically convex sets (and hence, indeed, hemispaces). All 
figures are done in the max-times semiring K. max , x ■ 

Theorem 4.2. For any hemispace H C T", a (P, R) -representation can be obtained by uniting the (P, P)- 
representations (|13[) of all Si (y) C 7i, orWi(y) C T-i when T~L is conic. In the resulting (P, R) -representation, 
P consists of multiples of unit vectors and possibly ( containing only if H is conic ), while R consists of 
unit vectors and combinations of two unit vectors. 

Proof. By Theorem 13.171 any hemispace T-L can be represented as the tropical convex hull of all the sectors 
Si(y) contained in H. By Lemma |4~TI the sectors Si(y) have (P, P)-representations with P = {y^e 1 } and R 
consisting of e l and combinations of two unit vectors. Observe that these (P, P)-representations satisfy the 
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Figure 2. The tropical hemispaces in dimension 2 which can be obtained as unions of 
sectors of the same type based at points with full support. 

condition of Theorem 12.111 part fmj , hence the claim. (Note that in the case of conic hemispaces gathering 
recessive rays of Wi(y) is straightforward.) □ 

Remark 4.3. A set X C T" is called projectively closed if the set {(maxiS,) -1 ! | x £ X} is closed. If a 
(P, R) -representation of a closed hemispace is constructed as in Theorem \4-£\ it may not have R projectively 
closed. For example, consider the hemispace {(xi,X2) G T 2 | X2 > A}, where A G T + . Then, we have 
P = {(3e 2 /3 > A} andR = {e 2 © ae 1 | a G T}. 

The following three statements about recessive rays of hemispaces will not be useful in the sequel and 
can be skipped at a first reading (in this case, proceed with Theorem 14 .7|) . Namely, we will investigate how 
recessive rays are distributed among hemispaces. Observe that if %i,%2 C T™ is a couple of hemispaces, 
then Hi and H2 can have recessive rays in common. For example, if Hi = {(^1,^2) G T 2 | x-i > A} and 
%2 = {(^1,^2) G T 2 I X2 < A} for some A G T + , then e 1 is recessive in both Hi and H2- 

Proposition 4.4. Let Hi,%2 C T" be a couple of hemispaces with (D G Hi- Each vector z G T" is either 
globally recessive in Hi, or i-recessive (hence also globally recessive) in H2 for some i G supp(z). 
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Figure 3. The tropical hemispaces in dimension 2 which can be obtained as unions of 
sectors of the same type based at points with non-full support. 

Proof. Considering a line {Xz | A £ T}, we obtain that either the whole line belongs to Hi in which case 
z £ rec© H\ = tccHi, or there exists j3 such that {Xz \ X > /?} C H2, in which case z is recessive in Hi at 
(3z £ H?.. For some i £ supp(z) there should be ae l £ H2, otherwise all vectors with the support of z belong 
to Hi- Then, for A > j3 we have ae l © Xz £ H2 (as a tropical convex combination of ae l and Xy), and for 
A < (3 we obtain 

ae l ®Xz = ae l © A/3" 1 ^ G H 2 , 
as a tropical convex combination of ae l and {3z. 

We have shown that if z is not globally recessive in Hi, then it is i-recessive in H2 for some i £ supp(z). 
On the other hand, if it is i-recessive in H2 then ae l © Xz = Xz £ H2 for large enough A, which means that 
z £ recHi because £ Hi. □ 

The next results show that if Hi and H2 have a common recessive ray z, then each e l for i £ supp(z) is 
recessive in Hi and H2- 
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Proposition 4.5. Let z be a recessive ray of a hemispace P and suppose that P does not contain multiples 
of e- 7 for any j G supp(z). Then each e 3 for j £ supp(,z) is a recessive ray ofH. 

Proof. Take y £ T-L, then supp(y) % supp(z), for otherwise P would contain a multiple of e J for some 
j G supp(z). Denote by M the set of indices i in supp(y) such that P contains a multiple of e\ As y G P, 
the set M is non-empty, and by the above, M C supp(y)\ supp(z). Denote by N the complement of M in 
supp(y) U supp(z) = supp(y © z). 

Since P does not contain multiples of c 3 for any j G iV, there is a (P, P)-representation of P as in 
Theorem 14.21 where e J for j G N are not in P. Hence for any A, 

(15) y©Az = 0a 4 (A)e l © /%(A)(e* © 7 yW), 

where e* ©7i J -(A)e : ' G P for all i G M, j £ N and all A. Also /%(A) < y t for all i G M, hence 7y(A) > Az^-y" 1 
for all j G supp(z). Then, for any j G supp(z), the point 

y © y l {e l © ^ (A)e* ) = y ® ya v (A)e J ' , 

where i G M, belongs to P and yi%j(X) can be made arbitrarily large. Hence, e J G rec^P. As we took an 
arbitrary y G P, the result follows. □ 

Corollary 4.6. Let Pi,P2 C T™ 6e a couple of hemispaces. If z G recPi Dree 7^2, £/ien a/so any e- 7 , /or 
j G supp(z), belongs to recPi HrecP2. 

Proof. If G 'Hi, then Proposition 14.41 implies that z cannot be j-recessive in H2 for any j G supp(z). 
Therefore, P2 does not contain a multiple of e J for any j G supp(z). 

By Proposition 14.51 all e J for j G supp(z) are recessive in P2. However, they are not j-recessive in P2, 
and hence by Proposition 14.41 they are also recessive in Hi. □ 

We now show that a general hemispace can be obtained as a section of a conic hemispace. 

Theorem 4.7. For any couple of hemispaces Pi,P2 C T™ there exists a couple of conic hemispaces Vi, V2 C 
T ,l+1 such that Pi = Cy and P2 = Cy ■ More precisely, if (Pi, Pi) and (P2,J?2) are respectively the 
representations 0/P1 andl~i2 given by Theorem \4-.2\ then the conic hemispaces Vi and V2 can oe defined as: 

Vi :=span({(l,x) | z G Pi} U {(0, y) y G Pi}) 

and 

V 2 := span ({(l,x) x G P 2 } U {(0, y) y G P 2 }) . 
Proof. In the first place, note that the tropical cones Vi and V2 are equivalently given by: 

Vi = {(A, Xx) | x G Pi,A G T} U span ({(0, x) \ x G PJ) 

and 

V 2 = {(A, \x) x G P 2 ,A G T} U span ({(0, x) \ x G P 2 }) • 
Indeed, with both definitions Vi and V2 satisfy aPi = Cy i and C11P2 = Cy 2 for any a ^ 0. For a = 0, we 
have Cy = span (Pi) and Cy = span(P 2 ), with both definitions. 

We next show that Vi and V2 are also a couple of conic hemispaces, i.e. VinV 2 = {0} and V\ U V2 = T™ +1 . 

With this aim, it is convenient to recall first that {e* (Byjy^ 1 ^ \ j G supp(y)} C Pi (resp. {e* © yjy~ 1 e : > \ 
j G supp(y)} C P 2 ) and {y^e 1 } C P 1 (resp. {y^e 1 } C P 2 ) if Si(y) C Pi (resp. 5 f (j/) C P 2 ) for some y G T" 
and i ^ 0. 

Since Pi and P2 are a couple of hemispaces, it readily follows that 

(16) {(A, Ax) I x G Pi, A G T} U {(A, Ax) | x G P 2 , A G T} = {z £ T™ +1 | z ^ 0} U {0} 
and 

(17) {(A, Ax) I x G Pi, A G T} n {(A, Ax) | x G P 2 , A G T} = {0}. 

Take now a vector y G T" and assume, without loss of generality, that y G Pi. By Theorem 13.121 and 
since Pi is a union of sectors by Theorem 13. 17) it follows that Si(y) G Pi for i = or for some i G supp(y). 
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If Si(y) C Hi for some i ^ 0, by (fT5)l it follows that (0,2/) G span({((D, a;) | x G Hi}). In the case when 
<%(j/) 2 %i f° r an y 0, we have iSo(y) C Hi, and we look at ay for a 7^ 0. 

If for some a/Owe have <So(ay) $2 Hi and So(ay) % H2, then Si(ay) C Hi or Si(ay) C H2 for some 
i 7^ 0, implying that (0,y) G span({(0, x) | x G Hi}) or (0,y) G span({(©,x) | x G #2})- 

We are left with the case when So(ay) C Hi or <So(ay) C H2 for each a. Since the sets So(ay) are 
increasing with a, it can be only that either So(ay) C Hi for all a, or So(ay) C H2 for all a. Assume the 
first case. Then, we obtain that all vectors x with supp(x) C supp(y) are in Hi and hence Si(y) C Hi for 
all z G supp(y), implying that (<D,y) G span({((D,x) | x G Hi}). This shows that 

span({((D, x) I x G Hi}) U span({((D, x) | x G H 2 }) = {2 G T™ +1 | z = ©}, 

and so Vi U V 2 = T" +1 by 

Finally, assume that (©,y) G span({(0, x) | x G Hi}) n span({((D, x) | x G H2}) and y ^ 0. Then, note 
that (|T3l) implies that there exist x 1 G Hi and x 2 G H 2 such that supp(x x ) C supp(y) and supp(x 2 ) C 
supp(y). Since x 1 © Xy — x 2 © Ay = Ay for large enough A and y G span(Hi) CI span(H 2 ) C recHi fl recH2, 
we have Ay G Hi fl H2 for large enough A, a contradiction. Therefore, 

span({(0, x) I x G Hi}) n span({((D, x) | x G H 2 }) = {0}. 

We conclude that VinV 2 = {0}, since we also have {(A, Ax) | x G H 2 ,A G T}nspan({(0, x) | x G Hi}) = {0}, 
{(A, Ax) x G Hi, A G T} n span({(0, x) | x G H 2 }) = {0} and $T7$. □ 

Remark 4.8. The homogenization of a closed hemispace, constructed as in Theorem \4-7\ may not be closed. 
Consider the example of Remark \4-3\ In that case, V is generated by e°©Ae 2 , e 2 and e 2 ffiae 1 for a G T. All 
multiples of e 1 are limiting points ofV, but they are not in V. However, all limiting points x with nontrivial 
xq are in V, and this is true also for general closed hemispaces. 

4.2. Generators of conic hemispaces. We know that a conic hemispace, as a conic hull of sectors, is 
generated by unit vectors and combinations of two unit vectors. Therefore, to describe a couple of hemispaces 
by their generating sets we need to understand how the combinations of two unit vectors are distributed 
among them. With this aim, we first associate with a couple of conic hemispaces Hi, H2 C T™ the index sets 

(18) I :={ie [n] | e l G Hi} and J := {j G [n] | e 3 G H 2 } . 

The following lemma is elementary and will rather serve to define below the coefficients . In what follows, 
for some purposes it will be convenient to assume that scalars can also take the value +00 (the structure 
which is obtained defining A® (+00) := +00 for A G T + and 0®(+oo) := is usually known as the completed 
semiring, see for instance [B]) and to adopt the convention e 1 © Ae J = e° if A = +00. 

Lemma 4.9. For any i G I and j £ J we have 

sup {a G T U {+00} I e l © ae> G Hi} = inf {j3 G T U {+00} | e l © fie 1 G H 2 } . 

Proof. Observe that the lemma readily follows from the fact that if e* © fie? G H 2 for some j3 7^ +00, then 
e l © 76^ G H2 for any 7 > ft since e- 7 G H2, and every combination of two unit vectors should belong either 
to Hi or to H2- □ 

Henceforth, the matrix whose entries are the coefficients 

(19) otij := sup {a G T U {+00} | e l © ae j G Hi} = inf {f3 G T U {+00} | e l © (3c 1 G H 2 } 

will be referred to as the a-matrix (associated with the couple of conic hemispaces Hi,H2). Besides, with 
each coefficient we associate the pair of subsets of T U {+00} defined by 

{({A I A < ctij}, {A I A > aij}) if a l3 G T + and e l © o^e* G H 2 , 
({A I A < a^}, {A I A > aij}) if ay G T + and c l © a^e 3 G Hi, 
({aij},{X\X>aij}) ifoy = C, 

({A I A < a^}, {aij}) if ay = +00. 

Thus, by Lemma T4. 91 it follows that 

(21) {e l © Ae J | A G a^ } C Hi and {e l © Ae J | A G } C H 2 



for any i £ I and j G J. 

Since o^t CT,U {+00} and C T + U {01, observe that the sets a,-"^, and a>7 1 as weu as ^-"i 

£J £ J '1J1 t 2J2 

and a| 2 j 2 , can be unambiguously multiplied (by definition, the product of two sets consists of all possible 
products of an element of one set by an element of the other set) for any ii,«2 £ I an d Ji, J2 G J ■ 

We now formulate one of the main results of our paper: a characterization of conic hemispaces in terms 
of their generating sets. We will immediately prove that any couple of conic hemispaces fulfills the given 
conditions. The proof that these conditions arc also sufficient is going to occupy the remaining part of this 
section. 

In the sequel, we write I 1 + ■ ■ ■ + T m = I if I k for k G [m] and / arc index sets such that I 1 U • • • U I m = I 
and I 1 ,..., I m are pairwise disjoint. 

Theorem 4.10. The tropical cones Hi,H2 Q T n form a couple of conic hemispaces if and only if there exist 
subsets /, J of [n] and pairs of subsets [ot\j "* , a^ ) of T U {+00} of the form (|20[) for i E I and j G J, such 
that I + J = [n], 

(22) 42 «S n 41 «£2 = « ™* 4241 n «i51«a = 

/or any i±,i2 E I and ji,j2 G J, and 

Hi = span ( je l Ae J ' | i G g J, A g 4r ) > 

(23) ; : 

H 2 = span ( j e l © \e° \ i G /, j G J, A G 4 +) f) ■ 

Proof of the "only if" part. Given a pair Hi,H2 Q T™ of conic hemispaces, let / and J be the sets defined 
in (Tg|), and (a\T\g\p) be the pairs of subsets of T U {+00} defined by (JS]) and ([20]). 

By Theorem 14.21 both Hi and H2 are generated by unit vectors and combinations of two unit vectors. 
The distribution of unit vectors is given by / and J. Observe that (|23p conforms to this distribution, since 
for any i £ I, e 1 belongs to the generators of "Hi as G 4 \ and for any j G J, e? belongs to the generators 
of %2 since +00 G oq^ . Moreover, this obviously implies that no combination of e 11 and e 12 with ii,«2 G / 
(resp. of e J1 and e j2 with ji,j2 G J) is necessary in (f2"5|) to generate Hi (resp. For i G / and j G J, 

the distribution of the combinations of e 1 and e J is given by (|21[) . These observations yield (f2"3")l . 

It remains to prove (j2"2"|) . Assume that 

Mil ! 42J1 ' U IUl >232 ' 

Then, there exist ft lj2 G aj^, ft ail g a|+{, 7^ G a[i and 7^ G aH such that Pi lj2 f3 i2jl = lixhl^h- 
For this to hold, the products ftij 2 ft 2i j 1 and Ji 1 j 1 Ji 2 j 2 should be in T + , and hence ft i: / 2 , /3j 2jl , 7j iJ - 1 and 7j 2j * 2 
should be in T + . Then, we make the combination 

z = e* 1 © ft d2 e i2 © A(e i2 © p l23l e n ) G H 2 , 
where A satisfies \Pi 2 j 1 = Jhji , hence also \ji 2 j 2 — Pi x j 2 > and observe that 

z = e 11 © 7 il j 1 e J ' 1 © A(e 12 © n 2]2 e h ) G Hi. 

Thus Hi n H 2 ^ {0}, a contradiction. □ 

Condition |2"21 will be called the rank-one condition, due to the following observation. 

Corollary 4.11. If G T + for i g {ii,i 2 } and j G {ji, J2}; i/iera a^ji a,- a j 2 = on 1 j 2 ai 2 j 1 . In particular, if 
ctij G T + for all i G / and j G J, then the a-matrix has rank one. 

In the rest of this subsection, we assume that Hi is a tropical cone defined as in (|23p . where I + J = [n] 
and the sets ctfj \ which are either of the form {A G T | A < ay} or {A G T | A < ay} with ay G T U {+00}, 

are such that the pairs (a^- , a^ satisfy the rank-one condition (|22| if we define o^" 1 := (Tu{+oo})\ay \ 
With the objective of showing that any such cone is a conic hemispace, we first give a detailed description 
of the "thin structure" of the corresponding a-matrix that follows from the rank-one condition (|22[) . This 
description can be also seen as one of our main results. 
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Proposition 4.12. If we define 

Jf :={j 6 J | cnj e T + andotij G }, 
jf 1 :={j S J | ay G T + andoiij G 
J? :={j S J I a y = 0}, 
J°° :={j G J I a, 3 = +oo}, 
/or i G /. oy £/ie rank- one condition (|22p it follows that: 
(i) Jf + Jf + J?° + jf = J for each i G J; 

(«) J°° C J™ or J™ C J?° ; and JP C jP or jP C jP /or any *i, i 2 G J; 
(iii) If (Jf U J|) n (Jf U J|) ^ 0, then J < U j| = J < U j| 7 J°° - JP = J»; 
fw; // (J< U J|) n (J< U J|) ^ 0, tten J< C J< or J< C Jf; 

(v) If (Jf UJ^)n (Jf U J^) 7^ 0, £/ien there exists A G T + such that a^j — Xcti 2 j for all j G Jf U Jf = 

Proof. In this proof, we will use F, > F and < F to represent an entry of a matrix which belongs to T+, 
T+ U {+00} and T+ U {0} = T, respectively. 

(0) This property readily follows from the definition of the sets Jf , Jf , Jf , and Jf° . 

(JTiJ) If these conditions are violated, then the a-matrix has one of the following 2x2 minors 

> F\ /+00 < F^ 
>F J ' \<F +oo / 

violating ([2"2jl. 

(pE| If this condition is violated, then the a-matrix has one of the following 2x2 minors 

' F F\ ( F F\ f+00 F^ 
F ) ' ^+00 Fj ' ^ Fj 

violating (|2"2"|) . More precisely, one of the first two minors will appear when (Jf U Jf) n (J< U j|) ^ but 
(J< U Jf) £ (Jf U J|). The third one will appear if ( Jf U J^) = (J< U j|) ^ but J°° ^ J£> (equivalently, 

(jrv)) If G J< and J< G Jf do not hold for some then there exist ji and j'2 such that a il3l G , 

a i 2 i2 e "iajV e a iij2' a *2Ji e 41 1 ancl a *i h ' Q >i 32 1 a «2 ii j «i 2 ,32 e T + ■ However, this contradicts the 

rank-one condition (|2"2"j) . S1HCG \ J\ ^^^2^2 — ^"^1^2 ^"^^2,71 

by Corollary 14. Ill 

(jyj) This property follows from Corollary 14. Ill and Property (|m|) . □ 



Remark 4.13. Regarding Property jn| of Proposition^!^ observe that condition "J?° C or J?° C J? 
can oe equivalently formulated as "Jf I) Jf I) Jf d J< ij Jf U Jf or Jf U J,- U Jf C JfUJfU Jf " for any 

* & J l\ %\ l\ — ^2 *2 l 2 ?2 *2 ? 2 — il *1 *1 ** tf 

ii, i2 G /. Similarly, condition "Jf^ G Jf 2 or Jf 2 C JP " can oe equivalently formulated as "Jf U Jf U J?° C 
^Uiu J°° or J < U Jf U J°° G J < U X- U J°° " /or any ii, i 2 G /. 

22 *2 J 2 *2 *2 *2 — *1 11 lx J 

Consider the equivalence relation on / defined by 



ii ~ 12 

By Proposition 14. 121 part (jnj), the relation 

i\ < h 



J-^J-andJ^^^. 



C J°° or 

= J°° and C J% 



defines a total order on /, which induces a total order (also denoted by ^) on the equivalence classes 
associated with ~. Assume that I 1 , . . . , I p are these equivalence classes and that I 1 < I 2 ^ ■ ■ ■ < I' p . 

By definition, note that there exist subsets L 1 , . . . , L p , K , . . . , and J , . . . , J p of J, such that Jf = U , 
joo = and j<uj5 = jr for j e /r T h USj by Proposition H35] part ©, it follows that 

J r + K r + L r = J 
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for r G [p], and from part (|m|) we conclude that the sets J 1 ,..., J p are pairwise disjoint. Moreover, for 
r G [2,p] we have 

(24) J r UK r CK r -\ 
or equivalently 

J' -1 U U~ x C 27. 

Indeed, if ii G J r_1 and i 2 G J r , using Remark 0TTJ we conclude that either J<UJ^UJ°° C J < U Jy U or 

^2 ^2 **2 * 1 *X 1 

J< U Jy U J°° C J< U j| U J™ . Since J r ~ 1 = J< U Jy and J r = J< U j| are disjoint and by PropositionEE! 
part ©, it follows that either J < U Jy U J=° C J°° or Uj|uJ°°C J™. In the former case, we have 
J r U iT r = J< U J- U J°° C J°° = K r_1 . In the latter case, as u < in, we have Jf° C J°° and so 

Z 2 *2 *2 — U ' 1 — z ' 42 — 11 

K r-1 = joo = joo = R r &nd jr-1 _ j< y j£ _ 0^ ^r-l = j« g jO _ £r because y -< ^ which 

implies J r I) K r = J \ L r C. J \ U~ x = J r ~ l U K r ~ x = K r ~ x . 
Finally, note that by Proposition 14. 1 21 part (|rvl) , we have 

(25) J< C J< or J< C J< 

for all ii, *2 G I r and r G \p\. 

Observe that Hi is also generated by the set 

U ({e*} U {e 4 © aye* | j G Jr} U {e J © Ae J | j G J<, A < «, 3 } U {e 4 © Ae J | j G Jf°, A G K}) , 

since any vector of the form e 1 © Ae* , where j G Jy and A < ay , can be expressed as a (tropical linear) 
combination of e l © aye* and e 1 . Moreover, defining 

d := span ({e 1 } U (e i © aye* | j G Jy } U {e l © Ae* | j G J<, A < ay}) , 

(26) V I J / 

T>i := span ({e 1 } U {e l © Ae J | j G J °° , A G T + }) , 
for i G I, we have Hi = ieJ (C; © AO- 
Lemma 4.14. There exist f3h G T + , /or h € I, and -fj G T +; /or j G Ui e /(Jy U J^), swc/i i/wrf for each 
i G /, the set of non-null vectors of the tropical cone Ci is the set of vectors satisfying 

{jjXj < j3 l x l for all j G Jy 
JjXj < fi l x l for all j G Jf 
Xj = for all j G Jf U Jf° U {I\{i}) 

Proof. Proposition 14. 121 part (jvj) implies that there exist /3j,7j G T + such that ay = 77 Pi for all ay G T+. 
Thus, the tropical cone Ci can be equivalently defined by 

C t = span ({c 1 } U { 7j e J © fte* \ j G Jy } U {7^ © Afte* | j G J<, A < l}) . 

Next, any x G Ci can be written as a combination of vectors in the cones 

C| := span ({e 1 } U { 7j e l © fte* | j G jf}) , 

C< := span ({e 1 } U { 7j e l © Afte* | j G J<, A < l}) , 

with the same coefficient xt at e l . The generators of Cy and satisfy the first and second conditions of (|27p 
respectively, hence a; also satisfies all these conditions. Conversely, each non-null vector x satisfying (|2"7f can 
be written (using similar ideas to those in the proof of Lemma |4~T|) as a combination of the generators of Cy 
and C^, and so it belongs to Cj. □ 

Later we will show that certain Minkowski sums of the tropical cones Cj are conic hemispaces. To this 
end, note that we have Ci — {x G T" | Xj =0 for j ^ 1} if J?~ U Jf = 0, and so 

(28) ^ = jac G T" I Xj = for all j l\ 

iei 

when Jf- U Jy = for all I C / and z G /. Evidently, any set given by (|2"5|) is a conic hemispace. 
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Since Hi = 0i g /(Ci ffi T>i), observe that the (tropical) null vector is the only vector x in Hi satisfying 
Xi — for all i € I. 

Theorem 4.15. Given x £ T n , if x^ ^ for some i <E I, let ft :— min{r £ [p] \ x t ^ © for some t £ I r } and 
x £ T" be the vector defined by Xk '■= © if k £ (\J r> f l I r ) U if and x^ := X& otherwise. Then, x £ Hi «/ and 
only i/ie 4e /h Cj- 

Proo/. The "if" part: Observe that x £ 4g/)1 C* C H x , e ,; £ Hi for alH £ 7 and e 4 © Ae J ' £ Hi for all ie l'\ 
j £ if' 1 and A £ K. Since Xt ^ for some t £ I h , x can be written as a combination of these vectors, so it 
also belongs to Hi. 

The "only if" part: Let x £ Hi. As Hi = (B ieI (C t © V t ), we have x = 0, e7 (y 4 © z l ) for some y' £ C t 
and z 4 £ T>i. Note that y 4 © z l = for i £ I r with r < h since y 4 ffi z 4 = X.; = for such vectors. So 

^=e ie u.>^(2/ i ©^)- ' 

We will show that y 4 can be chosen so that x = je/ h y % £ 0i G /h Ci. For this, observe that for 
all i £ I h , since e 4 £ Ci, we can assume x 2 ; = Xi — y\, adding Xie 4 to y 4 if necessary. This fixes our 
choice of y 4 . Then by (|24p . for r > ft, we have J r U K r C K h , or equivalently, J' 1 UL h C L r . Recalling 
that L r = J* for all i £ I r , we see that the subvcctor of x or x restricted to I h U J h U L , is equal 
to the corresponding subvector of © ig/ h y 4 , because y 4 with i £ J r and r > ft do not contribute having 
supp(y 4 ) C I r U if r U J r = I'~ U ( J \ Moreover, observe that z 4 for i £ 7 r and r > ft do not contribute 
either, due to the fact that supp(z 4 ) C K r U {i} C K h U {i} and Xi = x j = y 4 . Since the subvectors of £ and 
J/ ! restricted to the complement of I h U J h U L h are 0, the claim follows. □ 

We now describe (& ieI r Ci as set of vectors lying in a halfspace (j2"5)) and satisfying a constraint (|30l) . 

Lemma 4.16. If J r =/= 0, then the non-null elements of the tropical cone Q) ieI rCi are the vectors x £ T" 
that satisfy Xi ^ for some i £ I r , 

(29) 7^ < fcx t and Xj = for j I r U J r , 

jeJ r i£l r 

and, in addition, 

(30) lj x j = A x i =^ 3fc £ I r such that ^jXj = j3kXk and j £ J^. 

Proof. Assume first that the conditions are satisfied for x £ T™. Given j £ J r , if ^jXj = Q) ieIr PiXi, let 
k £ I r be such that /3fcXfc = ie/ r fta^ and j £ jf. Then, the vector y k i := e k ffi XjX^ 1 e j belongs to Ck 
because j £ and XjX^ 1 — fiklj 1 = &kj- Given j £ J r such that 7jXj < 0, ie/ r ftiCj, let fc be any element 
of I r such that fikXk attains the maximum in ig/ r fiiXi. The vector y k i := e k ffi XjX^ 1 ^ again belongs to 
Ck, because j £ U and XjX^ 1 < fiklj 1 = <^kj so xjx^ 1 < otkj- Since e 1 £ Ci for all i £ 7 r , it readily 
follows that x £ ie7 r Ci as a sum of Xie 1 for j £ I r and a^y^ = Xke h ffi Xje J over all y fcj considered above. 

Assume now that x £ ie /r Ci is non-null. Using (|2"T)l we observe that each vector y in Ci for i £ I r 
satisfies je jr 7jyj < ftyi and y/j = for all ft ^ /' r U J r , hence it lies in the halfspace (|2"§1) . and so the 
same holds for x. Condition ([29]) implies that Xi ^ (D for some i £ 7 r . Represent x = ieJr y 4 where y % £ Ci. 
If 7jX 3 = ie/r ftxi, let k £ 7 r be such that x 3 = yj 1 . Since y k £ Cfc, we have jjy k < fikVki an d it follows 
that 7jXj = Jjl/j < /5fc2/fc < /3fc2;fc < © ie /rfti,:. All these inequalities turn into the equalities, so we have 
Tj-yj? = PkDk with y k £ Cfe, and hence j £ by (|27|) . This shows that the conditions of the lemma are also 
necessary. □ 

Proposition 4.17. For each r £ [p] the tropical cone Q) ieI ,- Ci is a conic hemispace. 

Proof. The case when J r — was treated in (|28p . so we can assume J r ^ 0. We have shown that the 
nontrivial elements of igJr Ci are precisely the elements of T™ that satisfy (f2T?)) and (|5H)) . In the rest of the 
proof, we assume that the complement of I r U J r is empty, or equivalently, we will show that 0, j£jr Ci is a 
conic hemispace in the plane {xi = (D | i ^ V U J r }, from which it follows that ieJr Ci is a conic hemispace 
in T™. (For this, verify that the complement of a cone lying in {xi = | i £ 7}, for I a subset of [n], is a 
cone, if the restriction of that complement to {xi = | i £ /} is a cone.) Thus, we assume I r U J r = [n]. 
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Let us build a "reflection" of Q) ieIr Ci, swapping the roles of V and J r , and the roles of Jjr and Jf 
in (f2l)|) and (1501) . Namely, we define it as the set C containing all the vectors x S T™ that satisfy 

(31) (3 lXl < 7jXj 

ier je.J r 

and 

(32) fiiXi = jjXj => 3fc G J r such that jkXk — fiiXi and k G J^. 

We need to show that C is a tropical cone. Evidently, igC implies Aa; G C for all Ael. If a;, y G C and 
z = x ® y satisfies (|3ip with strict inequality, then z G C. If not, let i be such that f5iZi — j£ ;r JjZj, and 
assume Zj = a^. It follows that /3iX.; = © je jr Tj^jm and then there exists fc G J r such that 7/ c a;/ c = fiiXi and 
k e Jf. Further observe that "f k z k > jkXk = PiXi = I3 l z l = jeJr 7j z j > IkZk, and so j k Zk = showing 
that z satisfies (|52"j) and is in C. 

Moreover, it can be shown that C = (J) je j r Cj, where Cj are defined as the "reflection" of Ci, i.e., tropical 
cones whose non-null vectors satisfy 

PiXt < "fjXj for all i such that j G J{~ 
PiXi < jjXj for all i such that j G Jf 
Xi = for all i <E J r \ {j} 

The proof of C = ©, e /r Cj is based on the arguments of Lemmas 14.141 and 14.161 (This observation is just a 
valuable remark not used in the current proof.) 

We now show that C is the complement of Q) ieIr Ci, so they form a couple of conic hemispaces. Building 
the complement of ieJr C, by negating (|29|) and (f30|) . we see that it consists of two branches: vectors x 
satisfying 

PiXi < IjXj, 
i£l r jeJ r 

and those satisfying 

je.J r 

and 

3fc G J r such that jkX k — PiXi, and fe G whenever /^rE/j = 7fc£fc. 

It can be verified that both branches belong to the "reflection" C as defined by pip and (1321 . 

We are now left to show that Q) ieIr Ci and its "reflection" C do not contain any common non-null vector. 
We will use (|23|). i.e., the fact that for each i\,i2 G I r either J< C or C J<. This property means 
that the sets Jf and jf = J\Jf are nested, hence the elements of V and J r can be assumed to be ordered 
so that 

ii < <a «*• J| c 

and the following properties are satisfied: 

(33) *€jg,*6Jg Ji < J2 i 

jl G J< , ii G J- z 2 < ti ■ 

Assume now x G (© ie/ r Ci) nC but a; 7^ (D. Then, we necessarily have ieI r = 0j e jr 7j£j 7^ <D. Let 
i\ G I r be such that Pi 1 Xi 1 = (J) je jr Since 1 eC, there exists ji G such that © je j,. 7j£j = 7^^^. 

As x G (B ie /r Ci, there exists 12 G I r such that f3i 2 Xi 2 = @ ieIr PiX,- L = jj 1 Xj 1 and ji G J~, and so «2 < h 
by (|33|) . Again, using the fact that x G C and Pi 2 Xi 2 = ©j £i /r TjiC/j we conclude that there exists j'2 G ^ 
such that ©j 6i /r Tj^j = lj 2 Xj 2 , and so ji < J2 by (|3"3"1) . Repeating this argument again and again we obtain 

infinite sequences i\ > ii > 23 > . . . and ji < < 3z < ■ • ■, which is impossible. Hence, Q) ieI r Ci and C 
form a couple of conic hemispaces. □ 
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Proof of the "if" part of Theorem \4-10\ We next show that the tropical cone Hi defined in (|2"B1 is a conic 
hemispace if the rank-one condition (|22[) is satisfied. Since the generators of H 2 in (l23l) are precisely those 
unit vectors and combinations of two unit vectors not belonging to Hi (except the evidently redundant ones), 
from Theorem 14 . 2 1 we conclude that Hi and H 2 form a couple of conic hemispaces. 

Let Ci C T", for i G /, be defined by (j2l)]) (see also (|2"T|) . a working equivalent definition, and Lemma T4. 161 
for an equivalent definition of @ ie j r C,). Let the operator x h4 x be defined as in Theorem 14. 151 

Given x G IjHi and A € T + (we assume Xi 7^ for some i € J, otherwise Air 6 C%i is immediate), let 
ft := min{r G [p] x t 7^ for some i G I r }. Then, i ^ i£/h by Theorem OS] because ijC^. Note 
that for y := Ax we have min{r G [p] | yt 7^ © for some i G I r } = ft and y = Ax. By Theorem 14. 151 it follows 
that y G C"Hi because y = Ax G" (Bjg/d C». 

Let now x, y G C%i (which in particular means x 7^ © and y 7^ ©) and define z := x ffi y. 

Assume first that Xi = yi = for all i E I. Then, 2^ = for all is J, and as z 7^ 0, we conclude z G C%i. 

In the second place, assume Xi 7^ © for some i G / but j/t = for all t E I. Then, note that z = x © w 
for some vector w which satisfies supp(w) D I = 0. Let ft := min{r G [p] | x t 7^ © for some £ G so 
£ ^ ©ie/h by Theorem 14.151 Since z = x ffi w and supp(w) PI J = 0, from Lemma [4.161 it follows that 
z G" ^&i£ih Cii and so z G EHi by Theorem gT5l 

Finally, assume Xi 7^ and yi 7^ © for some i, f G J. Let ft := min{r G [p] | x t 7^ © for some t G I r } 
and fe := min{r G [p] | y* 7^ © for some < G 7 r }. We first consider the case ft 7^ fc, and so without loss of 
generality we may assume ft < k. Then, as above, we conclude that z G ZHi because z — x © w for some 
vector to satisfying supp(w) PI I h = 0. Suppose now ft = k. Then, min{r G [p] | z t 7^ for some i G /' } = ft 
and I = x © y. From x ^ ie/ h and y © ie /ft C 4 , it follows that z g ig jh Ci, because ieJ ft Cj is a 
conic hemispace by Proposition l4.17l Thus, again by Theorem 14. 151 we have z G C"Hi. □ 

Example 4.18. Assume that 

Hi = span ({e 1 } U {e 1 © e 3 } U {e 1 © Se 4 \ 5 G T} U {c 2 } U {e 2 © e 4 }) 

and 

H 2 = span({e 3 } U {e 3 ffiae 1 a < i} U {e 3 © fie 2 \ f3 G T} U {e 4 } U {e 4 © 7e 2 | 7 < l}) . 

In the notation of Theorem\^TR one has I = {1,2}, J = {3,4}, (a[^\a^) = ({A | A < 1}, {A | A > 1}), 
(a { u \a{ + /) = (T, {+co}) ; (a^atf) - (W, T+ U {+co}) and (a£ , c$) = ({A | A < 1}, {A | A > 1}). 

We first show that Hi C\H 2 = {©}■ Assume x G Hi HH 2 . Note that we can always express x as a tropical 
linear combination of the generators of Hi containing at most one vector of the form e 1 © Se . The same 
observation holds for the generators of H 2 and vectors of the form e 3 © ae 1 , e 3 © fie 2 and e 4 ffi 7e 2 . Thus, 
we have 

x = /lie 1 ffi ^(e 1 ffi e 3 ) ffi ^(e 1 ffi Se 4 ) ffi /z 4 e 2 ffi ^ 5 (e 2 ffi e 4 ) 

for some /ii, /i2> M3> M4i A*5 € ^ since x G Hi, and 

x = i^e 3 ffi i/ 2 (e 3 ffi ae 1 ) ffi i/ 3 (e 3 ffi ^e 2 ) ffi v±e 4 ffi ^ 5 (e 4 ffi 7e 2 ) 

for some vi , v 2 , V3 , , G T since x G Hi- 
Writing the equality on components in these expressions gives: 

Mi ffi M2 ffi M3 = av 2 , 

ffi = ^3/3 © ^57, 

(34) 

^2 = V\ ffi ^2 © ^3 1 
M3<5 ffi M5 = ^4 ffi ^5- 

From the first and third equalities in (|34[) if follows that 

< Mi ffi M2 ffi M3 = "^2 < a(^i ffi v 2 ffi f 3 ) = a/i 2 , 

which, due to a < t, implies fii = fi 2 = fi^ = v\ = v<i = 1/3 = 0. Then, from the second and fourth equalities 
in (|34[) i£ follows that 

M5 < M4 ffi M5 = ^57 < (^4 ffi ^5)7 = M57: 
which, due to 7 < 1 ; implies /Z4 = /Z5 = 2/4 = 1^5 = 0. 

Tb s/iow £fta£ Hi U % = T 4 , /ei x G T 4 . /< is convenient to consider different cases. 
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If x\ — X3 — 0, we have x — Xi{e 2 © e 4 ) © a^e 2 G Hi when X2 > ^4, and defining 7 = x^ 1 ^ we have 

x — X4(e 4 © 7e 2 ) E H2 lo/ien 22 < £4- 

When x-y = and X3 7^ 0, defining (3 — x% x% we have x = x^e 4 © X3(e 3 © /3e 2 ) G %2- 
When x\ ^ and X3 = 0, defining 5 = Xi X4 we have x = X2& 2 © xi(e 1 © Se 4 ) G Hi. 
x i 7^ f ^3 7^ defining 5 — x^ X4 we have x — xie 1 (BX2B 2 ©^(e 1 ffie 3 ) ffixi(e 1 (BSe 4 ) G Hi when 

%i > 23, and defining (3 = x% X2 and a — x^ x\ we have x = a;3e 3 ©X4e 4 ffia;3(e 3 ffi/3e 2 )ffiX3(e 3 ©ae 1 ) G H2 

when x\ < x%. 

4.3. Closed hemispaces, closed halfspaces and general hemispaces. We now consider the case of 
closed conic hemispaces, and show that these are precisely the closed homogeneous halfspaces, i.e., tropical 
cones of the form 

(35) < x G TP I ijXj < fcXi and x t = for alii G L L 

[ jeJ iei J 

where /, J and L (with / and J, or L, possibly empty) are pairwise disjoint subsets of [n\. 
Theorem 4.19 (Briec and Horvath [5]). Closed conic hemispaces — closed homogeneous halfspaces. 
Proof. Closed homogeneous halfspaces are closed conic hemispaces, since the complement of (|3"5j) is given by 

c G TP I jjXj > PiXi or Xi ^ for some i G L > , 
jeJ iei J 

and so it is a tropical cone. 

Conversely, if a conic hemispace is closed, then in (Q~9|) we have G T for alH G / and j G J, and in (f20|) 
the definition of the pairs (a[j\a\j) specializes to 

(_) (+)«. _ |({A I A < otij}, {A I A > atij}) if o.^ G T+, 
l% ' % ' \({o ii },{A|A>« <i }) if^=0. 

Equivalently, the sets and J?° of Proposition 14.121 are empty for all i € I, and so K r = for r G [p]. 
Observe that this means that L r = J if J r = 0, which in turn implies p = r. Moreover, we also have 
H = ig /(Ci © T>i) = ig7 Ci if % is a closed conic hemispace, since J°° = implies T>i C C^. 

Assume first that p > 2, which implies J 1 7^ as mentioned above. Then, we have J 2 U K 2 C if 1 = 
by (EU). It follows that J 2 = 0, and so p = 2. Thus, we have I = I 1 U I 2 and H = ©, e/ i u/ 2 Ci- By 
Lemma T4. 161 the cone © ig ji Ci can be represented by 

(36) "fjXj < ftZi and = for j G L 1 U I 2 . 

Note that this is just condition (f2U|) . and condition ([50)1 is always satisfied as Jr = J 1 for all fc G I 1 . Since 
J 2 = 0, it follows that © ie7 2 Ci is generated by {e 1 | i G I 2 }, and then implies that % = 0j E /iu/2 Ci is 
the set of all vectors satisfying 

(37) ijXj < faxi and x = for j G i 1 , 

which is a closed homogeneous halfspace. Note that by Lemma 14.161 we arrive at the same conclusion if we 
assume that p = 1 and J 1 ^ 0. 

Finally, if we assume that p = 1 and J 1 — 0, then H = Q) ieI i Ci is generated by {e l | i G I 1 = I}, i.e., 
H = {x <E TP j = for j G J} is a closed homogeneous halfspace. □ 

We now recall an important observation of [2], which will allow us to easily extend the result of Theo- 
rem 14.191 to general hemispaces. For the reader's convenience, we give an elementary proof based on tropical 
segments and their perturbations. 

Lemma 4.20 (Briec and Horvath [2j). Closures of hemispaces — closed hemispaces. 
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Proof. In the max-times setting, with usual arithmetics. Consider the closure of a hemispace T-L in 
l^max.x- Since the closure of a tropical cone is a closed tropical cone (e.g., [4]), we only need to show that 
the complement of this closure is also a tropical cone. This complement is open, so it consists of all points 
x G £iH for which there exists an open "ball" B% := {u G KS iax x \ \ui — xi\ < e for all i G [n]} such that 
B% C C"H. We need to show that if x and y have this property, then any combination z = Xx © /iy with 
A © [i = 1 also does. If we assume A = 1, then 

if fiyi > Xi, 
if [iyi < Xi. 

Let us consider z G K™ ax x denned by z% := Zj + €i, where e- are such that |ej| < e for all i e [n]. We can 
write 

Vj/i + e<, if + e« > £i and ie, < fiyi, 

HVi + e i = Xi + e'i, if mi + €i < Xi < fiy i} 
Xi + e t , if [iyi < Xi + €i and [iyi < x i} 

^Xi + €i= \iyi + e[, if Xi + e { < \iyi < x i: 
where always |e' | < < e. Thus, defining 



Vi 

fn 

Vi 
I Vi 



yi + fi~ 1 e i and ii := Xi, if fiyt + e, ; > Xi and < fiyi, 

yi + fi~ 1 e i and ii := x { + e'^ if fiy t + e t < Xi < fiyi, 

yi and x t := x t + e i; if fiy t <x i + t l and fiy t < x t , 

yi + n~ 1 e' i and Xi := x { + e i; if x t + t { < fiy t < x i: 



we have z = [iy © x, x G and y € B y , where e" := ji 1 e. Since C"H is tropically convex, it follows that 
B e z C if C Z% and Sj" C CH, proving the claim. □ 

Corollary 4.21 (Briec and Horvath 2 ). Closed hemispaces — closed halfspaces. 

Proof. We need to consider the case of a closed halfspace that is not necessarily homogeneous, and of a 
closed hemispace that is not necessarily conic. Such a closed halfspace is a set of the form 

(38) I x G T" | jjXj © a < ftx, © S and Xj = for j G L I , 

i je./ iGi J 

where /, J and L are pairwise disjoint subsets of [n\. As in the conic case, it can be argued that the 
complement is tropically convex too, so (|38[) describes a (not necessarily conic) hemispace. 

Conversely, a general closed hemispace in T™ can be lifted by means of Theorem l4.7l to a conic hemispace 
V in T" +1 . By Remark l4.81 this hemispace will be not closed in general, however, if V is its closure, then the 
section Ci still coincides with T-L. Indeed, for any z — (t,x) 6 V there exists a sequence {z fe }fc 6 N of vectors 
of V such that lim^ z k = z. Since zo = 1, taking into account the definition of V in Theorem 14.71 we can 
assume that z k — (Xk,XkX k ) for some Afc G T and x k G Ti. It follows that lim/c Xk = 1 and lim^ x k — x. 
Thus, x G T-L because T-L is closed. Therefore, we conclude that = Cy = Ti. 

By Theorem 14. 191 V can be expressed as a solution set to 

'Yi x i ® ax ° — ^ iXi ® an< ^ x i = ® ^ or ^ ^ ^' 

for some disjoint subsets /, J and L of [n]. The original hemispace in T™ appears as a section of this closed 
homogeneous halfspace by xq = 1, and so it is of the form (|38|) . □ 

Corollary 4.22. Open hemispaces — open halfspaces. 

Proof. Open hemispaces and open halfspaces can be obtained as complements of their closed "partner" . □ 

We now characterize general hemispaces by means of specific (P, i?)-representations, as foreseen by The- 
orem 14.71 and Theorem 14.101 
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Theorem 4.23. Let H\,ri2 Q T n be a couple of hemispaces with £ T-L\. Then, there exist sets I and J 
satisfying I + J = [0, n] and 6/, and pairs (a\j ^ , ) of subsets o/TU {+00} of the form (I20p for i E I 
and j £ J satisfying the rank-one condition (|22p , smc/j £/iai 

Hi = conv ( j Ac J I j e J, A £ |j © span (je* © Ae J | i £ I \ {0}, j £ J, A £ , 

n 2 = conv ({ Ae J | j £ J, A ^ +00, Aea^Jje span ({e l © Ae J ' | i £ I \ {0}, j £ J, A £ }) . 

Moreover, if the pairs (a^ , Qfy ) /or i £ / <™d j £ J satisfy the rank-one condition (|22p . f/ien </ie sets 
and %2 defined in (|39p /orm a couple of hemispaces. 



Proof. The "if" part: with "Hi and given by (|39|) , consider their "homogenizations" : 

Vi = span ( je° © Ae J ' | j £ J, A £ jj © span ( je l © Ae J ' | i £ / \ {0}, j £ J, A £ j) , 

V 2 = span (|e° © Ae J ' | j £ J, A £ \) © span ({e' © Ae J | i £ / \ {0}, j £ J, A £ }) • 

By Theorem 14. 101 fthe "if" part), V\ and V2 form a couple of conic hemispaces. By Proposition 12.61 we have 
Hi = Cy and = Cy 2 , which implies that T-L\ and form a couple of hemispaces. 

The "only if" part: If "Hi and I-L2 form a couple of hemispaces, then by Theorem l4.7l thev can be represented 
as sections of some conic hemispaces Vi and \>2- By Theorem 14.101 (the "only if" part), Vi and V2 must 
be as in (|4"0|) . Using Proposition 12.61 we see that Hi — Cy and H2 = Cy 2 have (P, i?)-representations as 
in (J3U). " □ 
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